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Abstract 
The paper deals with analytically studying transverse waves propagation in an axially moving string 
with periodically modulated cross section. The structure effectively models various relevant 
technological systems, e.g. belts, thread lines, band saws, etc., and, in particular, roller chain drives 
for diesel engines by capturing both their spatial periodicity and axial motion. The Method of 
Varying Amplitudes is employed in the analysis. It is shown that the compound wave traveling in 
the axially moving periodic string comprises many components with different frequencies and 
wavenumbers. This is in contrast to non-moving periodic structures, for which all components of 
the corresponding compound wave feature the same frequency. Due to this “multi-frequency” 
character of the wave motion, the conventional notion of frequency band-gaps appears to be not 
applicable for the moving periodic strings. Thus, for such structures, by frequency band-gaps it is 
proposed to understand frequency ranges in which the primary component of the compound wave 
attenuates. Such frequency band-gaps can be present for a moving periodic string, but only if its 
axial velocity is lower than the transverse wave speed, and, the higher the axial velocity, the 
narrower the frequency band-gaps. The revealed effects could be of potential importance for 
applications, e.g. they indicate that due to spatial inhomogeneity, oscillations of axially moving 
periodic chains always involve a multitude of frequencies. 
 
Keywords: wave propagation; axially moving periodic string; dispersion relation; frequency band-
gaps; roller chain drives; method of varying amplitudes. 
 
1. Introduction 
The present paper addresses the analysis of transverse waves propagation in an axially moving 
string with a periodic variation in elastic and inertial properties. Due to their high technological 
importance, similar problems concerned with the dynamics of axially moving materials have 
received considerable attention from many researchers, see e.g. [1-10]. Transmission chains, drive 
belts, thread lines, paper machines, band saws, and fibers are some of the technological 
applications. Most of the existing studies have addressed the constant axial transport velocity 
problem, however, dynamics of elastic structures moving with a time-dependent axial velocity has 
been also considered, e.g. by Miranker [2] and more recently in the papers [5,7,8].  
Manuscript
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Real technological axially moving systems as the above-mentioned are inherently 
inhomogeneous, i.e. feature spatial modulations of their parameters. However, effects of such 
modulations on the systems response are not yet fully uncovered though of potential importance for 
applications. The present paper addresses the dynamics of a non-uniform string moving axially with 
a constant velocity. The string is assumed to be periodic in the spatial coordinate, as is relevant to 
describe real systems, so that a structure involving coupled spatial-temporal modulations is 
considered. Studies of the dynamics of structures with space and time varying parameters have 
gained much attention in the recent years (e.g., [11-17]), and coupled spatial-temporal modulations 
were shown to be a potential tool to tailor effective dynamic properties of structures. The problem 
under consideration is of particular importance for applications involving diesel engines since the 
string effectively models roller chain drives for such engines by capturing both their spatial 
periodicity and axial motion. 
A novel analytical approach, the Method of Varying Amplitudes (MVA) [18,19], is 
employed in the paper. This approach may be considered a natural continuation of the classical 
methods of harmonic balance [20] and averaging [21-23]. It implies representing a solution in the 
form of a harmonic series with varying amplitudes; however, in contrast to the asymptotic methods, 
the amplitudes are not required to vary slowly. It is strongly related also to Hill’s method of infinite 
determinants [20,24,25], and to the method of space-harmonics [26]. 
 
2. Governing equations 
The kinetic energy of a non-uniform string with length l  moving axially with a given constant 
velocity 
0v  is: 
2
2
0 0
0
1
( , )
2
l
u u
T A x t v v dx
t x

   
    
    
 ,                                            (1) 
where   is the density of the string material, ( , )A x t  the varying cross-sectional area, and 
( , )u u x t  the transverse displacement of the string’s cross section at time t  located at distance x  
from the left boundary, see Figure 1. Note that due to the axial motion of the string, its cross-section 
at a given x  changes with time, so that ( , )A x t  depends both on time t  and spatial coordinate x . 
Motion of the string is considered with respect to the not moving coordinate system that dictates the 
form of the time derivative in (1). 
 
 
Figure 1. The considered non-uniform string moving axially with a given constant velocity 
0v  
 
Assuming the slopes of transverse deflections of the string to be small, and neglecting 
higher order terms, we obtain the following expression for the potential energy of the string [2,3]: 
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2
0
0
2
l
P u
V dx
x
 
  
 
 ,                                                             (2) 
where 
0P  is the tension of the string, assumed to be constant. According to Hamilton’s principle we 
have: 
2
1
0
t
t
H Ldt   ,                                                               (3) 
where L T V   is the Lagrangian of the system. The boundary conditions for transverse motions 
of the string are [2]: 
(0, ) ( , ) 0u t u l t  .                                                              (4) 
Equation (3) can be rewritten in the form:   
2 2
1 10 0
0
t tl l
t t
h h
H hdxdt u u dxdt
u u
   
  
      
    ,                                     (5) 
where dots and primes denote derivatives with respect to time t  and spatial coordinate x , 
respectively, and 
2 2
2
0 0 0
1 1
( , )
2 2
u u u
h A x t v v P
t x x

      
       
       
.                                    (6) 
Taking into account that  
0
0
l
u   and   2
1
0
t
t
u  , (5) gives: 
2
1
2 2 2 2
2
0 0 0 0 02 2 2
0
2 0
tl
t
A A u u u u u u
H v v A v v P udxdt
t x t x t x t x x
   
            
             
             
    (7) 
So that the following equation describing transverse oscillations of the non-uniform axially moving 
string is obtained: 
2 2 2
2
0 0 0 0 02 2
2 ( ) 0
u A A u u u u
A v v Av Av P
t t x t x x t x
   
        
        
         
,                 (8) 
Without spatial modulations of the string cross-sectional area, 
0A A const  , Equation (8) 
becomes similar to the classical one [1,2]: 
2 2 2
2 0
0 02 2
0
2 0
Pu u u
v v
t x t A x
   
    
    
,                                               (9) 
Note that the analysis of pulsating flows in pipes involves governing equations similar to (9), cf. 
e.g. [27]. As is known, cf. e.g. [1,2], oscillations of the moving uniform string described by (9) are 
stable for any values of 0v , and even when 
2 0
0
0
P
v
A
 , i.e. wave motion in the string is possible for 
all 0v . 
The aim here is to reveal principal effects of spatial periodicity on the structural response of 
a moving string. Thus as a first approximation, we take into account only the first harmonic in the 
corresponding expansion of the cross-sectional area in Fourier series with respect to the spatial 
coordinate x . As is shown in the paper [29], such an approximation is valid for predicting at least 
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the first (lowest) band-gap of a periodic structure, which is of primary interest in the present study. 
Taking into account that the considered string moves axially we get:  
0 0(1 cos ( ))A A k x v t   ,                                                      (10) 
where   and k , respectively, is the relative amplitude and spatial frequency of the modulation, i.e. 
2 / k  is the modulation period. Introducing (10) into (8), noting that for any 0( )A A x v t  : 
0 0
A A
v
x t
 
 
 
,                                                             (11) 
and assuming the spatial modulations to be small, 1  , so that higher order terms with respect to 
  can be neglected, we obtain: 
2 2 2
2 0
0 0 02 2
0
2 (1 cos ( )) 0
Pu u u
v v k x v t
t x t A x


   
      
    
.                            (12) 
Introducing a non-dimensional spatial coordinate 1 0( )x k x v t   and time 
0
1
0
P
t k t
A
 , so that 
1 1
1 1 1
x tu u u u
k
x x x t x x
    
  
     
,                                                   (13) 
01 1
0
1 1 0 1 1
Px tu u u u u
k v
t x t t t A t x
      
            
,                                     (14) 
and 
2 2 2 2
2 20 0
0 02 2 2
0 1 0 1 1 1
2
P Pu u u u
k v v
t A t A x t x 
    
         
.                                    (15) 
Inserting then (13)-(15) into (12), we get: 
2 2
12 2
1 1
(1 cos ) 0
u u
x
t x

 
  
 
,                                                  (16) 
As is seen the resulting governing equation that describes the dynamics of the string with respect to 
the introduced non-dimensional spatial coordinate and time is relatively simple. Similar equations 
have been considered, e.g. in the papers [18,28], for problems associated with the non-moving 
structures and materials. In the following section, its solution by the Method of Varying Amplitudes 
will be briefly described. A comparison of the MVA with the classical methods is given in the 
papers [18,19,28,29]. It is noted, in particular, that for linear equations with periodic coefficients the 
method gives the same results as the approaches based on the classical Floquet theory. However, by 
contrast to these methods, the MVA is also applicable for nonlinear problems and problems 
involving multiple excitations with incommensurate frequencies.  
 
3. Solution by the method of varying amplitudes 
Periodic, nontrivial solutions to (16) are sought in the form: 
1i
1( )e
t
u D x
 ,                                                                 (17) 
giving an equation for the new variable D : 
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2
1(1 cos ) 0x D D    ,                                                       (18) 
where primes denote derivatives with respect to 1x . Equation (18) for small   can be reduced to 
the classical Mathieu equation the solutions to which are well known, cf. e.g. [24,25]. The solutions 
obtained in the present section, i.e. the expressions (21)-(23), agree well with the classical results 
[24,25]. 
Employing the Method of Varying Amplitudes [18,19,29], we search a solution to (18) in 
the form of an infinite series: 
1 1 1 1i i i2 i2
1 1 1 0 1 1 1 1 1 2 1 2 1( ) ( )exp(i ) ( ) ( )e ( )e ( )e ( )e ...
x x x x
j
j
D x d x jx d x d x d x d x d x

 
 

          (19) 
Introducing (19) into (18) and balancing coefficients of the harmonics involved, we obtain the 
following infinite set of equations for the amplitudes 1( )jd x : 
   
2 2 1
1 12
2 21
1 1 1 12
2i ( )
i ( 1) ( 1) ( 1) ( 1)
(
0
)j j j j j
j j j j
d jd j d d d
j d j d j d j d
 
 
 
   
       
         
,                  (20) 
where j Z . Solving the set of linear, second order homogeneous differential equations (20) is a 
trivial matter, leading to: 
 1 0 1 1 1 1 1 2 1 2 1( ) ( ) ( ) ( ) ( ) ( ) ...x d x d x d x d x d x 
T
d ,      
1 1( ) exp( i )cx x d d ,         (21) 
where i    is a root of the characteristic equation of the system (20), and 
cd  the associated 
vector. Thus to determine   the infinite determinant of the matrix of the system (20) should be 
calculated. The diagonal elements of this matrix are given by: 
2 2[ , ] ( )j j j   A ,                                                         (22) 
the first off-diagonal elements are: 
21
2
[ , 1] ( ( 1))j j j    A ,                                                    (23) 
and all other elements are zeros. 
By (17), (19), and (21) we can write nontrivial solutions to (16) in the form: 
 1 1 1 1 1( , ) ( )exp i( )u x t F x t x   ,                                              (24) 
where 1( )F x  is periodic in 1x : 
 1 1( ) exp ic j
j
F x d jx


  .                                                    (25) 
Shifting back to the original time and spatial coordinates 1x  and 1t  we get: 
0
0
0
( , ) ( , )exp i
P
u x t F x t k v t x
A
  

   
          
,                                (26) 
where 
 0( , ) exp i ( )c j
j
F x t d jk x v t


  .                                               (27) 
So, the compound wave traveling in the moving periodic string comprises components with 
different dimensional frequencies:  
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0
dim 0
0
( )
P
k v j
A
  

 
    
 
, j Z ,                                           (28) 
and different dimensional wavenumbers: 
dim ( )k j    , j Z .                                                       (29) 
This is in contrast to the case of non-moving periodic structures, for which all components of the 
compound wave feature the same frequency, cf. [24-26,30]. Indeed, for 0 0v   (28) gives: 
0
0
dim dim 0
0
n v
P
k
A
  

  ,                                                    (30) 
which agrees well with the known results, e.g. [24]. For convenience, we can rewrite (28) as: 
 0dim 01
0
P
k jv
A
 

  , j Z ,                                              (31) 
where  
01v     and 
0
01 0
0
A
v v
P

                                                (32)  
are non-dimensional parameters, and for 0 0v   we have   . From (31) it follows that the 
compound wave traveling in the periodic string moving with a very small axial velocity 01 1v   
comprises components with all possible frequencies. However, for small   the component 
featuring 0j   in (29), (31) (and the frequency 0
0
P
k
A


 and the wavenumber dim k   ) is 
much more pronounced than the others, i.e. 0c cjd d , j Z , and the larger the j , the smaller the 
amplitude of the corresponding component; in what follows we will refer to the component with 
0j   as the primary one in the compound wave.   
To get further insight into the effects of periodicity on the structural response, the obtained 
solution (26) can be compared to the solution for a uniform string: for 0   (20) gives: 
0, 0c jd j Z   ,                                                         (33) 
so that the solution takes the form: 
0
0 0
0
( , ) exp ic
P
u x t d k t x
A
 

  
     
  
.                                      (34) 
It describes a wave traveling in the moving uniform string with the frequency 0
0
P
k
A


 and 
wavenumber k . Thus, due to the spatial periodicity of the string, the wave traveling in it 
comprises many components with different frequencies and wavenumbers, and the more 
pronounced the inhomogeneity of the string (larger  ), the more complex this wave becomes. Thus 
oscillations of the string at a given distance from the boundary, e.g. at / 2x l , involve many 
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frequencies, by contrast to the cases of a moving uniform, and a non-moving non-uniform string, cf. 
(30) and (34). 
 
4. Dispersion relation and frequency band-gaps 
4.1. Non-moving periodic string 
In this section some important features of wave motion in non-moving periodic structures are 
described in order to facilitate illustration of its principal differences from wave motion in axially 
moving periodic structures discussed in Sections 4.2 and 5. A dispersion relation in its classical 
formulation relates the frequency and the wavenumber of a wave traveling in a non-moving uniform 
structure [31]. For non-moving spatially periodic structures the corresponding compound wave 
comprises many components with different wavenumbers, but the same frequency, cf. [24-26] and 
(29), (30). The dispersion relation of such a wave can be properly represented by the relation 
between the frequency and one of the wavenumbers [24], in some papers called the phase constant, 
cf. e.g. [26]. In our notation, the frequency is dim n  and defined by (30), and the wavenumber is 
dim k   . From (29) it follows that the dispersion relation of the non-moving string is periodic 
with respect to the wavenumber dim , i.e. if dim  corresponds to a compound wave, then dim kj  , 
j Z  also does. This is in accordance with the classical results [24]. As follows from (29)-(30), the 
relation between dim n  and dim  can be conveniently represented by their non-dimensional 
counterparts   and  . To reveal the dependency of   on  , one has to solve the algebraic 
equation: 
det( ) 0A ,                                                               (35) 
where the elements of the matrix A  are defined by (22)-(23). 
As an illustration, Figure 2 shows the dispersion relation ( )   of the non-moving string, 
0 0v  , obtained by numerically solving (35) for 0.2  .  
 
 
Figure 2. Dispersion relation ( )   of the non-moving string, 
0 0v  , for 0.2  . 
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As appears a multitude of   values correspond to every frequency  , however, according to [24], 
due to the periodicity of the dispersion relation it is valid to consider only two values of  :     
and     ; all other values can be obtained by adding integer numbers to these two. 
Wavenumbers   and   correspond to different compound waves, i.e. the wave traveling in the 
string with a certain frequency   features components with wavenumbers either j  , or j  ,
j Z ; the first set of wavenumbers corresponds to the case when the primary component ( 0j  ) 
of the compound wave travels from left to right in the string, and the second set to the case when 
this component is in the opposite direction. Note also that the dispersion relation is symmetric with 
respect to the frequency axis, i.e.     . 
As is seen, at 
1
2
cr m    , m Z , there are gaps in the frequency range. These are 
called frequency band-gaps [24,26]; in these frequency ranges no waves can propagate in non-
moving periodic structures, i.e. wave attenuation occurs. To properly describe the phenomenon in 
the present context, assuming the spatial modulations to be small, 1  , we search   in the form 
of a series:  
1 2
3
0
2 ( )O       ,                                                    (36) 
where 1   is a small parameter. Inserting then (36) and 1   into (35) we determine 0 , 1 , 
and 2  following the classical procedure of expansion in the small parameter   [32]. 
Gathering the coefficients of 0  in (35), we obtain the following equation for 
0  which 
involves only the diagonal elements of A: 
 2 20( 0)
n
n 


   .                                                      (37) 
This equation can be solved explicitly, giving: 
0 n    , n Z .                                                         (38) 
Following [24], due to the periodicity of the dispersion relation with respect to the wavenumber, it 
is valid to consider only one value of n  in (38); and 0n   corresponds to values ,    discussed 
above. Balancing the coefficients of 1  in (35), and employing (38) for 0n  , we obtain the 
following equation: 
 1 2 0
m
m 


  .                                                          (39) 
Solving this equation gives 
1 0   for 
2
m
  , m Z .                                                     (40) 
Employing this and balancing the coefficients of 2  in (35), we get: 
   2 2 21 2
1
(3 1) 4 1 2 0(4 )
m
m
m     



     ,                                     (41) 
so that 
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2 2
2
1
2
(3 )
4(4 )
1
1
  





 , 
2
m
  , m Z .                                            (42) 
From (42) it immediately follows that for 1/ 2   we have 2  , and uniformity of the 
solution series (36) breaks down. Thus to find the dispersion relation near 1/ 2cr  , one has to 
represent   as: 
   1/ 2   ,                                                                (43) 
where   is the frequency detuning parameter, insert (43) into equation (35), and perform the 
solution procedure again. The equation for 0  then takes the form: 
2
0
1
( )
4
0
n
n


 
  
 
 ,                                                       (44) 
with solutions:  
0 1/ 2 n    , n Z .                                                       (45) 
Employing (44) for 0n   we get the equation for the coefficients of 1  in (35), which is identically 
zero. Balancing then the coefficients of 2  in (35) one obtains a relatively simple equation: 
2
1
22
1 064 64    ,                                                       (46) 
with solutions: 
2 2
1 1
1
64
8
     .                                                        (47) 
By (36), (45), and (47), we can now write the obtained relation for the wavenumbers corresponding 
to frequencies (43) as: 
2
1
2211/ 2 64 ( )
8
O        .                                           (48) 
From this it follows that if 1 8  , the wavenumber   is complex-valued so that for these values 
of parameters wave attenuation occurs, cf. (24), (29). Following (48) the range of  -values for 
which we have attenuation of waves is: 
1
1
4
   .                                                                 (49) 
Returning to the parameters   and  , for the width of the frequency band-gap we then get: 
1
4
   .                                                                  (50) 
Note that the “seed” of the band-gap is 1/ 2cr   so that wave attenuation occurs in the following 
non-dimensional frequency range: 
1 1
;
2 2
1 1
4 4
 

    
     
    
 ,                                                     (51) 
which corresponds to the following values of the dimensional frequency dim n : 
0
dim
0
0 0
;1 1
4 2 42
n
P Pk k
A A
 




    
          
.                                       (52) 
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In this frequency range no waves can propagate in the non-moving string. 
 
4.2. Moving periodic string 
As it was noted in Section 3, the compound wave traveling in the moving periodic string comprises 
components with different dimensional frequencies, cf. (28), (31):  
 0 0dim 0 01
0 0
( )
P P
k v j k jv
A A
   
 
 
      
 
, j Z ,                          (53) 
and for values of   defined by (51) we have complex-valued  . Consequently, for such   the 
values of dim  are also complex-valued. On the other hand, at the boundaries of the  -range (51) 
we have 1/ 2   , and the corresponding values of dim  are real-valued. For example, for 1/ 2   
and 0j   we get the following values of dim : 
 0dim1,2 0
0
1
1
2 4
P
k v
A


  
       
.                                              (54) 
So what is happening in the range dim1 dim2[ ; ]  ? To answer it is not sufficient to consider the 
relation between   and  , because this frequency range is not covered by the real values of   and 
the corresponding values of  . Instead, we have to determine the relation between   and   and, 
in particular, reveal ranges of   for which values of  are complex-valued and wave attenuation 
occurs. 
From (53) it appears that the traditional notion of frequency band-gaps is not applicable for 
the moving periodic string: the compound wave comprises components with different frequencies, 
and if certain values of   and   correspond to one component of the wave, then j   and 
01jv  , j Z , are featured by the others. So if in certain ranges of   the values of  are 
complex-valued, then the corresponding attenuating compound wave features not only the 
frequency   but also frequencies 01jv  , j Z , having complex-valued wavenumbers j  , i.e. 
a multitude of frequency spectrums is present in which wave attenuation occurs. On the other hand, 
by contrast to the non-moving string, a certain frequency   can feature values of   some of which 
are complex-valued while others are real-valued, see below. Thus, in order to properly describe the 
phenomenon of wave attenuation in the moving periodic string, we have to consider it with respect 
to the primary component of the compound wave. I.e. in what follows by frequency band-gaps we 
will understand frequency ranges in which the primary component of the wave attenuates. In these 
frequency ranges the other (non-primary, additional) components of the compound wave can still be 
present, and, moreover, these other components can attenuate in the frequency ranges different from 
the frequency band-gaps. Thus, as in the case of the non-moving periodic string, we will consider 
only two values of   corresponding to each frequency   and representing the primary components 
of two different compound waves. Note that this doesn’t imply any limitations for the solution, but 
is due to the proposed notion of frequency band-gaps for moving periodic strings. 
Inserting 
01v                                                                    (55) 
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and 1   into equation (35), we determine 0 , 1 , and 2  following the same procedure as in 
Section 4.1. Balancing the coefficients of 0  in (35), we obtain an equation for 
0  which features 
the following solutions: 
0
01 1
n
v





, n Z .                                                         (56) 
As in the case of the non-moving periodic string, to describe the primary components of two 
different compound waves it is valid to consider only one value of n  in (56), 0n  , so that the first 
compound wave features the primary component with 
01 1v

 

, and the second one with 
01 1v

 

. Balancing the coefficients of 1  in (35), and employing (56) for 0n  , we obtain: 
1
01
2
0
1m
m
v




 
  
 
 ,                                                       (57) 
with   corresponding to   in (56), i.e. to  . Solving this equation gives 
1 0   for 
01( 1)
2
m v


 , m Z .                                               (58) 
Employing this and balancing the coefficients of 2  in (35), we get an equation for 
2  that has the 
following solution: 
2 2 2
1 01
2 2
0
2 2
01 1
(3 (1 ) )
4(1 ) (4 (1 ) )
v
v v
  

 

 
 
 , 01
( 1)
2
m v


 , m Z ,                          (59) 
where all   correspond to   in (56). From this it follows that for  
01
1
(1 )
2
v                                                                (60) 
we have 2  , and uniformity of the solution series breaks down.  
Here an important difference of the considered moving periodic string from the one studied 
in the previous section becomes evident. As is seen from (42), for the non-moving periodic string 
there is only a single frequency range where wave attenuation can occur, namely 1/ 2  . For the 
primary components of the compound waves in the moving periodic string, by contrast, we have 
two ranges, near 011
1
2
v   and 011
1
2
v  , respectively. These frequency ranges correspond 
to different compound waves, the first one to the wave with the primary component  , and the 
second one to the wave with  . 
To determine the dispersion relation near the values of   specified by (60) we represent   
as: 
   01
1
( )
2
1 v    ,                                                         (61) 
where   is the frequency detuning parameter, insert this into (35), and perform the solution process 
again; for 0  this gives: 
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0 1/ 2   .                                                                (62) 
The equation for the coefficients of 1  in (35) then turns to be identically zero. Balancing the 
coefficients of 2  in (35) one obtains a relatively simple equation: 
2 2
1 1
2 2
01 01 164( 1) 128 064v v        ,                                        (63) 
with solutions: 
2 2 2
01 1
2
01
2
0
1
1
1
8 64
8( )1
v v
v
   

  

 ,                                               (64) 
from which we can conclude that the wavenumbers corresponding to frequency ranges specified by 
(61) are complex-valued when 
01 1v   and 
0
1
2
1
8
1 v

 

.                                                            (65) 
On the boundaries of the frequency band-gaps we have: 
21
011
8
v

  ,                                                          (66) 
so that the range of parameter  -values for which wave attenuation occurs is defined by: 
1 2
011
4
v

   .                                                          (67) 
By (61), for the corresponding ranges of the dimensionless frequency  , we get: 
0
2 2
01 0 011 1
1 1
, .
2 8 2
1 1 1 1
8
v v v v
 
   
 
  

 

                                  (68) 
These are frequency band-gaps of the considered moving periodic string, i.e. in these frequency 
ranges the primary component of the compound wave attenuates in the string; and   in (68) 
corresponds to the compound wave with the primary component having wavenumber  , and   to 
the wave with the primary component  . So, by contrast to the case of the non-moving periodic 
string, the dispersion relation of the moving string is not symmetric with respect to the frequency 
axis. 
For the non-moving periodic string values of the wavenumber   corresponding to 
boundaries of the frequency band-gap, i.e. 1
8


  , are 1/ 2 n    , n Z . And the upper 
boundary of the band-gap features the same value of the wavenumber as the lower one, cf. Figure 2. 
As follows from (64) this is not the case for the moving periodic string: For values of   specified 
by (66), (64) gives: 
0
1
1
2
01
1
8 1
v
v



 .                                                          (69) 
So values of the wavenumber   corresponding to upper and lower boundaries of the frequency 
band-gap differ. 
From (68) it follows that for 
2
01 1v   all possible values of the wavenumber   corresponding 
to any frequency   are real-valued and no attenuation of waves can occur in the string. So a 
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periodic string moving with a constant velocity higher than a certain critical one does not feature 
wave attenuation. For the considered string the critical velocity turns out to be equal to the 
transverse wave speed in it:     
0
0
0
cr
P
v
A
 .                                                             (70) 
From (68) it also follows that the lower the axial velocity of the string, the wider the frequency 
band-gaps. And for 01 0v  , i.e. for the non-moving structure, we get the same band-gaps as 
predicted in Section 4.1. To further illustrate the revealed effects, Figure 3 shows the relation 
between   and   obtained by numerically solving equation (35) for 0.2   and various values of 
the dimensionless velocity 01v  of axial string motion. Frequency band-gaps are shown as blue 
regions with dashed boundaries. As is seen, these are present only in Figures 3 (a) and (b), when 
2
01 1v  .  
 
Figure 3. Dispersion relation ( )    for 0.2   and (a) 01 1/ 2v  , (b) 01 7 / 8v   , (c) 01 9 / 8v 
, (d) 01 3 / 2v   . Frequency band-gaps are shown as blue regions with dashed boundaries. 
 
As appears from Figure 3, the dispersion relation is not symmetric with respect to the 
frequency axis, and, similarly to the case of the non-moving periodic string, a multitude of  values 
correspond to every frequency  . Two of them,  , represent the primary components of two 
different compound waves, all other values correspond to the additional, non-primary components 
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of these two waves. The compound wave traveling in the moving periodic string features 
components with frequencies 01jv   and wavenumbers either j  , or j  , j Z . As is seen 
from Figure 3, the dispersion relation is not periodic in  , however, the presented dependencies do 
not change when shifting the origin of coordinates by 
01[ ; ]j jv , j Z . 
Following the proposed notion of frequency band-gaps for the moving periodic string, they 
are designated in Figure 3 as frequency ranges in which the primary component of the compound 
wave attenuates, i.e. either   or   is complex. Note that for 
2
01 1v  , when the considered periodic 
string moves with the axial velocity higher than the critical one, no frequency band-gaps are 
present, i.e. only real values of  correspond to every frequency  , cf. Figure 3 (c,d). The closest 
values of the wavenumber corresponding to the same frequency are designated by red dots in Figure 
3 (c, d). 
As seen from Figure 3 (a, b) values of the wavenumber   corresponding to upper 
boundaries of the frequency band-gaps differ from those corresponding to the lower ones. As noted 
above, this is in contrast to the case of the non-moving periodic string. 
 
5. Discussion and physical interpretation of the results 
The results obtained in Sections 3 and 4 indicate some important qualitative differences 
distinguishing wave motion in moving and non-moving periodic strings. First of all, the compound 
wave traveling in the moving periodic string comprises components with different dimensional 
frequencies and different dimensional wavenumbers, whereas for the non-moving periodic string all 
wave components feature the same frequency. The physical interpretation of this result is given in 
the following paragraph. 
Due to the inhomogeneity of the string, a wave traveling in it features multiple internal 
reflections in the periodicity cells. So, in the case of the non-moving string, the resulting wave 
motion involves many components featuring the same frequency. In the case of the axially moving 
periodic string, the reflected components of the compound wave feature frequencies that differ from 
those of the incident components due to axial motions of the cells and the related Doppler effect 
[33], i.e. due to the emergence of the Doppler frequency shift. 
Due to this “multi-frequency” character of the wave motion, the traditional notion of 
frequency band-gaps appears not to be applicable to properly describe the phenomenon of wave 
attenuation in the moving periodic string. Thus, we propose to use it considering only the primary 
component of the compound wave, i.e. by frequency band-gaps we understand frequency ranges in 
which the primary component of the wave attenuates. Other (non-primary, additional) components 
of the wave can attenuate in the frequency ranges different from frequency band-gaps. 
The compound wave featuring the primary component with a frequency from band-gaps 
ranges attenuates in full, i.e. all its components are attenuating. Expression (68) gives the values of 
  for which   is complex-valued and relations (29), (31) specify dimensional frequencies and 
wavenumbers that are present in the compound wave. So if   is complex-valued, then all values of 
dim  featured by the different components of the wave are also complex-valued, and every 
component attenuates. 
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For moving periodic strings the dispersion relation is not symmetric with respect to the 
frequency axis. And for the two different compound waves, with the primary components 
01 1v

 

 and 
01 1v

 

, we have two different frequency band-gaps near 011
1
2
v   and 
011
1
2
v  , respectively. This is in contrast to the non-moving periodic string featuring a single 
frequency range where wave attenuation can occur, 1/ 2  . 
The considered periodic string does not feature frequency band-gaps if it moves with an 
axial velocity higher than the transverse wave speed given by (70). Also, the lower the axial 
velocity of the string, the wider the frequency band-gaps, so that the widest band-gaps are present 
for the non-moving structure. These effects seem to be rather important, and could be present also 
for other periodic structures, e.g. beams, plates, shells, etc. The physical explanation of these results 
is the following: 
The effect of wave attenuation in the frequency band-gaps regions emerges due to 
localization of the wave energy in the periodicity cells so that it doesn’t pass further through the 
structure. And multiple internal reflections of the wave in the periodicity cells must be present for 
such localization to occur. In the case when the axial velocity of the string is higher than the 
transverse wave speed, only reflections of the wave components traveling in one direction are 
possible so that no energy localization can occur and no frequency band-gaps can be present.  
Comparing with the case of a moving uniform string, the wave motion in the periodic string 
turns to be more complex, e.g. involving many components with different frequencies and 
wavenumbers, and the larger the amplitude of spatial modulations, the more pronounced the 
additional, non-primary components of the wave become. Due to its non-uniformity, oscillations of 
the moving periodic string at a given distance from the boundary always involve many frequencies. 
As appears the only approximation employed in the solution process is concerned with the 
representation of the wavenumber   in the form of series (36) and subsequent solving of the 
algebraic equation (35) using the classical procedure of expansion in the small parameter  . This 
procedure has been given strict mathematical justification, cf. e.g. [32], with the applicability range 
as well as the solution accuracy being explicitly specified. Thus the obtained expressions for the 
frequency band-gaps are valid and accurate to the given order of  . 
An in-depth experimental testing of the obtained theoretical results is relevant, particularly, 
the “multi-frequency” character of the wave motion in moving periodic strings. For example, 
parameters of oscillations of an axially moving chain at a given distance from the boundary can be 
measured and compared with the theoretical predictions; this is reserved for future research. 
 
6. Conclusions 
The present paper is concerned with the study of wave propagation in axially moving strings with 
periodically modulated cross section. This relatively simple structure effectively models systems 
from various relevant technological applications, e.g. transmission chains, belts, thread lines, band 
saws, etc. Using the Method of Varying Amplitudes, some important insights into the wave motion 
in the considered periodic structure are revealed. It is shown, in particular, that the compound wave 
traveling in the string comprises many components with different frequencies and wavenumbers. 
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This is in contrast to non-moving periodic structures, for which all components of the corresponding 
compound wave feature the same frequency. Consequently, due to spatial inhomogeneity of the 
moving string, its oscillations at a given distance from the boundary always involve many 
frequencies.  
The traditional notion of frequency band-gaps appears not to be applicable for moving 
periodic strings since the corresponding wave motion comprises many frequencies. By frequency 
band-gaps for the axially moving periodic structures it is thus proposed to understand frequency 
ranges in which the primary component of the compound wave attenuates. Such frequency band-
gaps can be present for the moving periodic string, but only if its axial velocity is lower than the 
transverse wave speed in the structure. Also, the higher the axial velocity, the narrower the 
frequency band-gaps. 
The dispersion relation for the moving periodic strings is not symmetric with respect to the 
frequency axis; consequently, the frequency band-gap for a compound wave with the primary 
component traveling in one direction differs from the frequency band-gap for the wave traveling in 
the opposite direction. All components of the compound wave are attenuating if its primary 
component features frequencies from the band-gap ranges. 
The theoretical predictions of the paper are based on approximate analysis of a simplified 
model of a string. The approximation employed, however, is implied in the classical procedure of 
expansion in a small parameter, which has been given strict mathematical justification, with the 
applicability range as well as the solution accuracy being explicitly specified. An in-depth 
experimental testing of the theoretical predictions could be relevant and is reserved for future 
research. In particular, the “multi-frequency” character of the wave motion in moving periodic 
strings deserves detailed experimental analysis, as does the phenomenon of vanishing frequency 
band-gaps for non-uniform strings moving with relatively high axial velocities. Both these 
phenomena could be relevant for applications, e.g. involving diesel engines and roller chain drives. 
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